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TO SANDY GREEN ON HIS 60TH BIRTHDAY 
In recent years there has been a renewed interest in R. Brauer’s theory of 
lower defect groups for blocks. Various new aspects and applications of the 
multiplicities of lower defect groups were given in [6, 9, 10, 123. In this 
paper we give a complete description of the lower defect groups and their 
multiplicities for blocks of the finite symmetric groups S(n). 
If G is a finite group, r a prime and B an r-block of G then k(B) (I(B)) is 
defined as the number of ordinary (modular) irreducible characters in 
B. Now k(B) and 1(B) arc also the dimensions of certain ideals in the center 
of the group algebra of G over an (algebraically closed) field of charac- 
teristic r. These two interpretations of k(B) allow two essentially different 
decompositions of k(B), one according to the heights of the characters in B 
and a second according to the defect groups of a set of conjugacy classes of 
G associated to B (a block splitting of the conjugacy classes in the notation 
of [15]), i.e., according to the lower defect groups for B. Whereas a num- 
ber of examples of the first decomposition is known (for blocks with certain 
given defect groups and for S(n), GL(n, q) [ 13, 141) the only example of 
the second decomposition (for blocks with given defect groups) was given 
in [lS]. 
Here we consider then the second decomposition for S(n). The com- 
putation of ma”‘(R) for blocks B of S(n) is based on formulas of R. Brauer 
and the author and the fact that (as noted in [S, 181) the theory of sub- 
pairs for S(n) is particularly nice and simple. In Section 1 we give a brief 
review of the properties of subpairs for S(n) which are needed for our 
investigation. Also the important concept of weight (for r-subgroups and 
blocks) is introduced. Then in Section 2 we determine the number of con- 
jugacy classes (in a given r-section) having a given r-subgroup as a defect 
group. Already here it turns out to be of advantage to use the language of 
generating functions. A useful tool is a new combinatorial object, the Y- 
diagram of a partition which is “dual” to the r-core tower defined in [ 141. 
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Then in Section 3 it is fairly easy to compute the numbers mg)(R). Such a 
number is a product of a defect group multiplicity (mentioned above) and 
the multiplicity of the trivial subgroup 1 as a lower defect group in a block 
which is determined by B and R. It turns out that in analogy with k(B) and 
I(B) the multiplicity ms( 1) (and thus all multiplicities m:)(R)) depend only 
on the weight of B. So there is a “reduction theorem” in the sense of [13] 
for the multiplicities and therefore also for the elementary divisors of the 
Cartan matrix, i.e., one needs only consider principal blocks. It is quite 
interesting that the generating functions for I(B) and for ms( 1) may be 
derived in a similar way from the generating function for k(B). One should 
simply replace conjugacy classes of r-regular elements by defect O-con- 
jugacy classes. All occurring generating functions are expressable in terms 
of P(.u), the partition generating function. All groups considered are finite. 
1. SUBPAIRS 
Let S(n) be the symmetric group of degree n acting on a set of car- 
dinality n. When we consider direct products of subgroups of S(n) we 
always assume that the factors operate on disjoint subsets of this set. We 
also consider a wreath product A t B, where A < S(k), B d S(I) as a sub- 
groups of S(H) and of S(n) for n 2 kl. Then, for example, (Z, ) S(4)) x S(2) 
is a subgroup of S(n) for n b 14. 
Let r be a prime number and R an r-subgroup of S(n). The orbits of R 
have r-power lengths. Suppose that the orbits of lengths divisible by r con- 
tain a total of fr elements. Then we call t the weight of R and write 
t = w(R). Thus R fixes n-tr elements. If rt is an r-element of R define its 
weight by M(X) := w( (7~)). The weight function has the following trivial 
properties which we will use repeatedly without further reference: 
LEMMA (1.1 ). Let R he un r-subgroup of’s(n), .Y E S(n). Then 
(i) IV(R) = M’( R‘), 
(ii) If‘ Q < R then NI( Q) < MX( R), 
(iii) If‘n E R then w(x) d w(R). 1 
Let R be an r-subgroup of S(n) of weight t. We then let 
So(R) := S(tr), S’(R) := S(n - tr) (1) 
and consider S(R) := So(R) x S’(R) as a (Young-) subgroup of S(n). Since 
every element of N,(,)(R) p ermutes the orbits of R we see that 
N,,,,,(R) = N”(R) x S’(R), 
G,,,,(R) = C"(R) x S'(R), 
(2) 
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where 
F(R) := N.sq,,(R), CO(R) := C.sq/?,(R). 
A similar notation So(~), S’(X), C”(n) is adapted for r-elements. 
(3) 
Our approach and notation for subpairs will follow that of [16]. Let G 
be an arbitrary group. A subpair (R, hR) consists of an r-subgroup R of G 
and a block h, of RCJR). If in addition hz = B then (R, bR) is a B-s&pair. 
If R is a defect group of h,, (R, bR) ‘s a Brauer subpair and if (R, bR) is 
maximal with respect to inclusion it is called a Sylowp subpair. 
Now let (R, bR) be a subpair of S(n) and M’(R) = t. Since by (2) 
RC,Y,,,,(R) = RC”( R) x S’(R) we may write b, as 
b,=bO,xb;, (4) 
where b”, and bfp are blocks of RC”( R) and S’(R). Similarly if (rc, b,) is a 
subsection we write b, = bO, x b:. 
Obviously (R, 60,) is a B$subpair for a suitable block B”, of So(R). 
The argument in the proof below is implicit in [2]. 
PROPOSITION ( 1.2). In the above notation BO, and b”, ure principal blocks. 
Proof We assume without loss of generality that S’(R) = 1, n = tr. Let 
R* be a defect group of B := B”, containing R. Choose rr E Z(R*), 17~1 = r of 
maximal weight w(x)= t’, so that t’6 t. Then C”(rr)=Z,t S(t’) and 
S’(n) = S((t - t’) r) [ 11, 4.1.191. If (rc, b,) is a subsection for B then bi is 
principal, since C’(z) has only one block (by [7, V. 3.11 I). Now bf, has 
defect 0. Otherwise, if rrl is a central element of order r in a defect group of 
b’, then w(rm,) = w(x) + w(nl) > w(n), a contradiction to the choice of rr. 
Thus R* l Syl,(& 2 ,S(t’)), so w(R*) = t’. Since R< R* we get t = w(R) < 
w(R*) = t’, i.e. t = t’. Thus S’(n) = 1 and b = bO, is the principal block. By 
Brauer’s third main theorem B and then also 6% are principal blocks. 1 
Note. The above result implies that bjl is principal, if 7~ is a r-element in 
S(n) and 6, a block of Cslrl)(z). 
COROLLARY (1.3). b”, is the only block of RC”( R). 
Proqf: If b is an arbitrary block of RC’(R) and b’ a block of S’(R), 
then (R, b x b’) is a subpair. Thus by (1.2) b is the principal block. 1 
PROPOSITION (1.4). The ,following statements are equivalent 
(i ) (R, bR) is a Brauer subpair, 
(ii) Co(R) < R and b f, has defect 0. 
Proof: (i) j (ii) By assumption R = R, x R, where R, is a defect group 
of b>, i=O, 1. Since trivially R < R, we get RI = 1. By (1.2) 
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R E Syl,(RC’(R)) and by (1.3) RC’(R) has only the principal block. Using 
[7, IV 4.171 we see that R = RC’(R), i.e., Co(R) d R. 
(ii) * (i) Clearly the conditions of (ii) imply that h, has R as a defect 
group. I 
By a main result of [ 1 ] (D, h,) is a B-Sylow subpair if and only if D is a 
defect group of B. In particular it is then a Brauer subpair. 
COROLLARY (1.5). Let D he an r-subgroup, w(D) = t. Then the following 
statements are equivalent 
(i) (D, ho) is a S$ow subpair, 
(ii) DE Syl,(S’(D)) = Syl,(S(tr)) and bh has defect 0. 
Proof. (i) * (ii) The assumption implies that Bi has D as a defect 
group, so by (1.2), DE Syl,(S’(D)). By (1.4) bb has defect 0. 
(ii) = (i) By assumption D is a defect group of BO, x bb. Since by (2) 
N,Y(,,,( D) < S(D) = So(D) x S’(D), Brauer’s first main theorem implies that 
B = hs,‘“’ has D as defect group. 1 
In the notation of (1.5) hh is a block of defect 0 in S(n - tr). If B is a 
block of s(n), we define y(B) := 6; where (D, b,) is a B-Sylow subpair. 
THEOREM (1.6) (Classification of blocks). The map y is a bijection 
between the set of blocks of S(n) and the union of the sets of blocks of defect 
0 in S(n - tr), t 3 0. 
Proof If b is a block of defect 0 in S(n - tr), let Q(b) := 
(B,(S(tr)) x b)“““, where B,(S(tr)) is the principal block of S(tr). If 
DE Syl,(S(tr)), then B,(S(tr)) x b is a block of S(D). Since 
N,Y(,,,(D) 6 S(D), Q(b) is a well-defined block of S(n). By Brauer’s first 
main theorem Q(b) has D as a defect group. It is then clear that @ and y 
are inverse maps. 1 
If y(B) = b where B is a block of S(n) and b a block of S(n - tr) we write 
w(B) = t and all t the weight of B. Then the defect group of B is an r-Sylow 
subgroup of S(w( B) r). In particular, w(B) is also the weight of a defect 
group of B. 
THEOREM (1.7). Let (R, bR) be u B-subpair. Then y(B) = y(bk) and 
w(B) = w(R) + w(bk). A similar statement holds for subsections. 
Proof: Let w(R) = t, w(bk) = t’. If b = y(bk) then we have seen 
bk = (B,(S(t’r)) x b)‘(“-“I. 
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Using (1.2), the third main theorem and the transitivity of “block induc- 
tion” we get (since B”, = B,(S( tr))) 
B = bs(“) 
R 
= (B,(S(tr)) x (B,(S(t’r) x b)S(“-‘r))S(n) 
= (B,(S(tr)) x B,(S(t’r)) x b)s’“’ 
= (B,(S((t + t’) r)) x b)s”“. 
Now both claims follow from (1.6) and its proof. m 
Note. The first statement of (1.7) is equivalent to a result of Puig and 
Marichal [S, (2.2)]. 
COROLLARY ( 1.8). Let B be a block of weight w, R an r-subgroup of 
weight t in S(n). Let RC’(R)< X,<No(R) X:=X,x S’(R). Then there 
exists a block b of X with b w’) = B if and only if t 6 w. In this case b = 
B,(X,) x bfp where y(bi) = y(B) so b is the onI-v block of X with bS(“’ = B. 
Pro@ Trivially R is contained in a defect group of B if and only if 
t < w. Therefore the first statement is a general fact (see e.g., [ 16, (l.lO)]). 
If bS’“) = B, write b = ho x b,. Let (R, bz) be a ho-subpair. Then (R, hi x b,) 
is a B-subpair. By (1.2) bs and therefore ho is a principal block, 
ho = B,(X,). Moreover y(b,) = y(B) by (1.7). Obviously b, = b; in the 
notation of (4). [ 
We mention finally a “reduction theorem” for subsections and subpairs. 
COROLLARY (1.9). Let B be a block of S(n), w(B) = w. There is a 
canonical bijection between the conjugacy classes of B-subpairs (B-subsec- 
tions) and the conjugacy of B,-subpairs (B,-subsections) where 
4 = Bo(S(wr)). 
Proof By intersection any S(n)-conjugacy class of r-subgroups 
(r-elements) of weight < w corresponds canonically to an S(wr)-class of 
r-subgroups (r-elements) of the same weight. So (1.9) is a consequence of 
(1.8): 
For each r-subgroup (r-element) of weight <w there is a unique 
B-subpair (B-subsection) and B,-subpair (B,-subsection). 1 
2. CONJUGACY CLASSES, DEFECT GROUPS, AND SECTIONS 
We call a partition I t-n a defect O-partition if the associated conjugacy 
class K;. of S(n) has (r-)defect 0. We associate to A a square array 53(A) of 
defect O-partitions, the r-diagram of A. This diagram is useful to visualize 
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several counting arguments. In a sense it is a dual concept to the r-core 
tower introduced in [14] as an array of defect O-characters, which was 
used to describe the height of a character in the block containing it. It is 
unlikely that there are direct connections between these concepts. 
Let 1. be a partition. We characterize E, by the nonnegative integers 
r,(m, u) indexed by pairs of integers (m, a), such that m 3 1, (m, r) = 1, and 
~20. By any reference to m below it is always assumed to be prime to r. 
By definition t,.(m, a) is the multiplicity of mr” as a part of i. Thus 
(I ) 2. = ((mr”)ri(m,u’)m,U, 
(2) VI = IL,.,, t;(m, a) mr”. 
We decompose then each t,(m, a) r-adically. 
(3) tj(m, U)=C ha(JSj.(m,U,b) rh, O<Sj.(m,U,h)dr-1. 
Thus 
(4) IAl = Cn,.o.h .sj.(m, a, b) my”+’ 
and I. is uniquely determined by the numbers t,(m, a) or s,(m, a, b). 
Obviously the conjugacy class K, indexed by 1 is r-regular if and only if 
t,(m, a) = 0 for a >, 1 or equivalently s;.(m, a, h) = 0 for a > 1. We then call ,I 
class-regular. By definition 1 is (r-)regulur if it does not contain r equal 
parts. Thus t,(m, a) < r - 1 or equivalently s,(m, u, h) = 0 for b 3 1. This 
makes it clear, that if 1 is the partition defined by 
s;(m, a, b)=.s;(m, b, a) for all m, a, b 
then by (4) 121 = 1x1 and we have 
LEMMA (2.1). The map A --t x induces a bijection between the class- 
regular and the regular partitions. 1 
Notes. A different map, which induces also a bijection of the sets in 
(2.1) was studied in [19]. The map J* -+ 1 corresponds simply to transpos- 
ing the r-diagram below. 
Now a partition is of defect 0 if and only if it is regular and class-regular, 
i.e., s,(m,u,h)=O whenever a+b3 I [11,4.1.19]). For a, b30 let il,, be 
the partition 
(5) 
Thus i,,, has only parts m which are prime to r and the multiplicity of m is 
.s,(m, a, b) 6 r - 1, so ;I<,,, is a defect O-partition. Then the r-diugrum qf A is 
. . * 
A00 A IO A2() .” ” I * 
4)l 28(l):= ” A I I r.2, (6) 
A02 
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so by (4) and (5) we have 
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EXAMPLE. r = 3, I = (9’, 74, 6, 4, 26, 1) E- 69. Then 
(7) 
g(l)= (7>4,1) (2) (12) 
(7, 22) 0 0 ’ 
where all other partitions are zero. We let p(n) (pJn)) be the number of 
partitions (class-regular, regular patitions) of n. It is well known that the 
generating function P(x) := XII>,, p(n) x’l may be expressed as 
P(x)= n -L 
,>, 1 -xxi i!, (* 
+ x’ + x2’ + . . . ) 
[ 11, Sect. 6.11. The next result is [ 11, 6.1.31. 
LEMMA (2.2). We have 
PO(X) := c pa(n) x” = P(x)/P(x’). 
Proof: Given i +n consider the diagrams 
A, /I,, j.20 ... 
9(&J= 0 0 0 ) 
0 . . . 
2 I”,, A,, ... 
9(/q)= 1:: l”,2 
Then i is uniquely determined by A, (regular) and A$ (arbitrary). By (7) 
I;11 = l&l +rl/l,$l. This means, that if [n/r] is the integral part of n/r, then 
I = C Ai) kin - ri) 
i=o 
or for the generating functions, 
P(x) = P(Y) P”(X) 
which is (2.2). 1 
Let d,(n) be the number of defect O-partitions of n. 
481.,104/l-4 
44 J0RN B. OLSON 
LEMMA (2.3). We have 
D”(X) := 1 d,(n) x” = P(x) P(x”)/P(x’)2 = P,(x)/P,(x’). 
ProojI If A0 t n is regular, consider 
Then A,, is of defect 0 and A$ is regular. Similar to above we have 
therefore 
pdn) = 1 p,(i) ddn - 4. 
Thus PO(x) = PO(xr) D,(x), so (2.3) follows from (2.2). 1 
We now consider the defect group R, of the conjugacy class K, indexed 
by E, t- n. By [ 11, 4.1.191, R, is an r-Sylow subgroup of 
If X < S(I), k E N, let A k X be the k-fold diagonal embedding of X in 
S(kl). Thus d,X=X (e.g., A,Z,= ((1,2, 3)(4, 5,6))). Moreover let Xh 
a r-Sylow subgroup of s(r’), so X,, = Z, < Z, < . ‘2 Z, (h times) and 
R(a, b) := Z,, < Xh < S(ruth), a, h 2 0, 
R(m, a, h) := A,,,R(a, h) 6 S(mr“+‘), (m, r) = 1, a, h > 0. 
Then 
R, = n R(m, a, b)s~‘m~u~h’ 
m.o.b 
(9) 
and for the weight (see Sect. 1) we have 
w(Rj.)= C s,(m, a, 6) rnr’+‘- ‘. 
(m.o,hlo + h > I 1 
In particular 
(10) 
LEMMA (2.4). The defect groups of K1 depend on the partitions Auh, 
a + b > 1 and are independent cf I,,. We have 
w(&.) = (Ial - I&, j/r. 
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SinceZ,jX,=Xb+, we see that R(m, 1, b) and R(m, 0, b + 1) are identical. 
This fact is of course important when the number of conjugacy classes with 
a given defect group is determined ((2.8) and (2.11)). First, we settle the 
conjugacy problem for the R,‘s. 
LEMMA (2.5). Let (m, r)= (m’, r)= 1, a, a’ Z 1, b, b’ 30. Then 
R(m, a, 6) and R(m’, a’, b’) are conjugate in S(n) if and only if m = m’, 
a=a’, b=b’. 
ProoJ R(m, a, b) has degree mr”+h and a center of order r’. So if 
R(m, a, b) and R(m’, a’, 6’) are conjugate these facts force m =m’, a=~‘, 
b=b’. 1 
Put 
1 
sj.(m, a, 6) if ad2 
s,?(m, U, b) = s,(m, 0, b + 1) + sj.(m, 1,b) if a=1 (11) 
0 if a=O. 
Then 
Rj, = n R(m, a, b)S;(m,u*b’ 
m,u.b 
(12) 
and we have the following: 
PROPOSITION (2.6). Let ,I, p t-n. Then R;. and R,, are coqjugate in S(n), 
lf and only !L s,*(m, a, h) = sz(m, a, b) for all m, a, b. 
Proqf: If sf(m, a, b) =s,*(m, a, b) for all m, a, b then Rj. and R,, are 
conjugate because R(m, 0, b + 1) = R(m, 1, b) as we have seen. Suppose 
then that R,, = gRj.g~ ’ for some g E S(n). Let us note that if a # 0 then the 
center of R(m, a, b) is A,$&,, a cyclic group of order r”. Thus any element 
# 1 in the center of R(m, a, 6) moves all the mrufb points on which 
R(m, a, b) acts. Write R,=ni R,, R, =n Rj where each Ri is an 
R(m,, a,, b,) and each Rf an R(mf, af, bf) (ai, a,! 3 1). We assume that RL 
and R,, acts on the same set 9. For zeZ(Rj.)#, z’ E (R,,)# let V,= 
{ccEQIza#a}, VJ’= (aEQI z’a#a). Then gV,= I’&‘, so g maps Y= 
{W~Z(&)#~ onto Y’ = { k’$ Iz’ EZ(R~)#}. In particular g maps 
(J’I~EU,Z(R,,“) onto { VJ’ I z’ E Ui Z(R:)# } since these elements are 
maximal in V, V’ with respect to inclusion. Therefore using the remark 
about Z(R(m, a, b)) above, we see that for each i there exists a unique j 
such that gZ(R,) gp’ =Z(R,!). But then g-‘Rig= R,! because if ZEZ(R,)# 
then 
Ri = (x E R, Ix fixes Q\ V, element-wise}. 
Now (2.6) follows from (2.5). 1 
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So a typical defect group R of a conjugacy class of a symmetric group 
looks like this: 
R= n R(m, u, h) ((m,Y)=l,a>l,h>o) (13) 
ur.u.h 
with the restriction that 
Ods(m, l,h)d2r-2, 
O<s(m,a,h)6v-1 for ~32. 
(14) 
Here (14) follows from (11) and by (10) we have 
Moreover, by (2.6) 
COROLLARY (2.7). Kj, has R as defect group (R as in (13)) ifand only if 
sf(m, a, h) = s(m, a, h) for all m, a, h. 1 
If R is as in (13) we let d(R, n) be the number of conjugacy classes in 
S(n) with R as defect group. 
PROPOSITION (2.8). Let R he as in (13), w(R) = t. Then d(R, n) = 
d( R, tr) d,(n - tr). 
Proqf: We decompose A + n with R, = R as 
3 ‘()() 0 . 0 0 i”,,, %“2... 
“d(&)) = 0 0 0, - .5?(hboo)= i,,, i.,, i,2 
Then I. is uniquely determined by A,,, & and by (2.4) &, +- tr, 
,I00 F n - tr. The number of possibilities for & is d(R, tr), since & is a 
partition of tr with R as defect group by (9). Moreover A,, is a defect 
O-partition. 1 
Before giving a formula for d(R, tr) we list two generating functions 
which are used later. Let d,(n) be the number of conjugacy classes in S(n) 
whose defect group has weight t. By (2.8) 
d,(n) = d,(rt) d,(n - tr) 
so for the generating function we have by (2.3) 
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COROLLARY (2.9). 
D,(x) := 1 d,(n) xN = d,(a) xrr D,(x) 
= d,(rt) x”P(x) P(x”)/P(~‘)~. 1 
Now d,(rt) is the number of partitions 1 of rt with &=O, so an easy 
calculation shows that 
COROLLARY (2.10). 
D*(x) := 1 d,( rn xn = PO(x) P(x) = P(x)‘/P(x’). ) 1 
HZ0 
PROPOSITION (2.11). Let R he us in (13), w(R) = t. Then 
6(m, b) s(m, l,h)+ 1 if s(m, 1, b)<r- 1 = 
2r-(s(m, l,b)+l) if s(m, 1, b)>r. 
In particular d( R, tr) is independent of s(m, a, h) for a > 2. 
ProoJ: By (2.7) 
d(R,tr)=~{I+tr(s~(m,a,b)=s(m,a,b) forallm,a,b,abl}l. 
Suppose then A I-- tr, sf(m, a, h) = s(m, a, b). Then by (11) sJm, a, 6) = 
s(m, a, h) for ~22. Moreover by (2.4) l,o= 0, i.e., s,(m, 0, 0)=0 for all m. 
So it remains to investigate the multiplicities s,(m, 0, b + 1) and s,(m, 1, b), 
b>O. By (ll), s,(m, 1, b)+s,(m,O, b+ l)=s(m, l,b) for all m, b, SO the 
number of ways of choosing s,(m, 1, b) and s,(m, 0, b + 1) equals the num- 
ber of ways in which s(m, 1, b) can be decomposed as a sum of two non- 
negative integers, each bounded by r - 1. This number is 6(m, b). 1 
Let n be an r-element of a symmetric group. Then t,(a), a > 0 is by 
definition the number of cycles of length r“ in the cycle decomposition of n. 
Let ,v?,(rr) be the section of rc in S(n). Note that 5$(n) is characterized by 
the numbers t,(a), a 3 1, since n =CUDo t,(a) r”. Moreover W(X) = 
c 031 r,(a) rap ’ and we consider n as an element of all S(n), n >/ rw(7c). The 
next result is quite obvious. 
LEMMA (2.12). Let ;1+n. If K,EY~(x), then 
t,(a) = c s,(m, a, b) mrh = C t,(m, a) m 
& m 
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w(n)= c Sj,(m, a, 6) mr”+h-m’ =
:m,o,hlu > I ; 
In particular the r-section containing K1 and the weight of II depend only on 
the partitions &,, a > 1, h b 0 and not on &,, b > 0. m 
If rc is an r-element d(n, R, n) is the number of conjugacy classes in YH(rc) 
with R as defect group. 
Similar to (2.8) we of course have 
PROPOSITION (2.13). d(q R, n) = d(x, R, tr) dO(n - tr) where t = w(R). 1 
It is possible to compute d(n, R, tr), but the formula is not very nice. 
PROPOSITION (2.14). Let R be as in (13) w(R) = t, 71 an r-element. If 
d(q R, tr) # 0 then 
and 
t,(a) = 1 s(m, a, b) mr’ for all a > 2 
m.h 
d(n, R, tr)= 1(x t- t,( 1) 1 for all m, b we haoe 
(i) t;(m, b) < r - 1 and 
(ii) O<s(m, 1, b)- t:(m, b)6r- 1}1 
In particular d(n, R, tr) < pO( t,( 1)). 
Proof: The result follows from (2.7) and (2.12). We omit the details. 1 
We specialize z= 1 in (2.14). Then the next result shows that the 
r-regular conjugacy classes have defect groups which are products 
of R(m, 1, b)‘s, each occurring with multiplicity dr- 1. Of course (2.15) 
is also easy to check directly. 
COROLLARY (2.15). Let R be as in (13), w(R)= t, rc= 1. Then 
s(m, a, b) # 0 for some a 2 2 or 
d(n, R, tr) = 
s(m, 1, b) b pfor some m, b 
1 otherwise. I 
The following results may be used to check that the multiplicities of 
Section 3 add up correctly. 
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If 7c is an r-element let s(rr, n) be the number of conjugacy classes in 
Y;;(z), the section of rc. 
PROPOSITION (2.16). We have 
In particular s( 1, n) = p,(n). 
ProoJ: If 1 tin, K, E Y(X), then the ath column of 9(A) describes an 
r-regular conjugacy class of Y(t,(a)) by (2.12). The result may also 
be deduced from the structure of CS(nI(rr). 1 
COROLLARY (2.17). Let II be an r-element of S(n). Then 
s(n, W(X) r) = l(b0,). 
Proof: By Section 1, 60, is the principal block of C’(n), where Co(~) = 
I-I U>l Hz, 2 S(t,(a)), so l(b0,) is the number of r-regular conjugacy classes in 
co(n). I 
Finally, let s,(n) be the number of conjugacy classes in S(n) contained in 
the sections .Y;(z), I = t. 
COROLLARY (2.18). We have s,(n) = p(t).po(n - tr). 
Proof By (2.16) s,(n)=s,(tr) po(n - tr). By (2.12) s,(tr) is the number 
of partitions A I- tr in which the first column of 9(A) is 0. By (7) this num- 
ber is p(t). i 
3. THE MULTIPLICITIES OF LOWER DEFECT GROUPS 
The irreducible characters Xj. of S(n) are indexed canonically by the par- 
titions I I- n. From the well-known hook formula for the degree xj,( 1) we 
get [ll, 6.1.201 
LEMMA (3.1). xi. has defect 0 if and only if 2 is an r-core (i.e., 2 has no 
hook of length r). 1 
If B is a block of S(n) and y(B) = b in the notation of Section 1, then b is 
a block of defect 0 in S(n - w(B) r), so it contains a unique character xfl, 
p +n - w(B) r, an r-core. We then may call p the core of B and index B by 
/L SO B = B, if xp E y(B). For the next result we sketch a proof based on 
ideas of Broue and Puig [S]. 
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PROPOSITION (3.2) (The Nakayama conjecture). Let i +-n, and let B,, 
he a block cf S(n). Then 
X2.EB,L-P is the r-core of’ 1.. 
Proof We use induction on n, the result being trivial for n 6 r - 1. Sup- 
pose the result holds for S(n - r). We then prove “j” for S(n). Then “e” 
is trivial for S(n), since a partition has a unique r-core. [ 11, 2.7.161 
+ By (3.1) the result is trivial if B,, has defect 0. Let B,, have positive 
defect. Put 7c = (1, 2,..., r). By (1.8) there is a unique block h, of C,,,,(n) = 
(rt) x S(n - r) such that h:‘“‘= B,. Moreover h, = bO, x b: where 
y(hA) = y( B,,). For each p E S(n - r) we have by the Murnaghan-Nakayama 
formula [ 11, 2.4.71, 
when 6, is a sign and K runs through the partitions of S(n - r) which are 
obtained by removing some hook of length r from A. By the induction 
hypothesis each xh. belongs to b:, since y( BP) = y(bA). Then an application 
of Brauer’s second main theorem (see [S], (2.9)) finishes the proof. 1 
Note. If 1;. E B,, then 1IJ - IpL( = rw(BF). 
By [ 11, Sect. 2.71 a partition is uniquely determined by its r-core and its 
r-quotient. Consequently the number of partitions of n with a given r-core 
,u, p + n - rw is independent of the core and depends only on w. Thus 
LEMMA (3.3) (Reduction theorem for k(B)). Let B be a block of S(n). 
Then k(B) depends only on w(B). 1 
We let k(w) := k(B) where w(B) = w and put K(X) := C,, k(n) Y. Then 
[ll, 2.7.171, 
PROPOSITION (3.4). K(x)= P(x)‘. i 
The next result was proved by G. de B. Robinson in a different manner. 
PROPOSITION (3.5) (Reduction theorem for Z(B)). Let B be a block of 
S(n). Then I(B) depends only on w(B). 
Proof: We use induction on w = w(B). Let (7t, 6,) be a subsection for 
B 0, the principal block of S( wr), IK # 1. The S( wr)-class of (rr, 5,) 
corresponds by (1.9) to the S(n)-class of a subsection (n, b,) for B. We 
write 5, = bO, x &, b, = bO, x b:, where bO, is the principal block of C”(n). By 
(1.7) w(bA) = ~(5:) = w - w(n) < w so by the induction hypothesis I(bA) = 
/(Xi). Thus I(&,) = I(h,). Then a general result [7, IV 6.61 implies that 
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k(B) - f(B) = k( B,) - I( B,). Since k(B) = k( B,) by (3.3) we get I(B) = I( B,) 
as desired. b 
Put I(w) := I(B) if w(B) = u’ and L(x) := C, f(n) x’. 
The following was originally proved by Osima [17]. 
PROPOSITION (3.6). L(x)= P(x)‘-‘. 
ProoJ If (q h,), n E ni is a set of representatives for those conjugacy 
classes of subsections for a block B for which W(X) = i, then by (2.17) and 
(2.18) Len, f(hO,) = p(i). Thus, if w(B) = w then ErrEn, I(h,) = p(i) I(w - i), 
so by [7, IV 6.61 we have k(B) = k( w) = CyL 0 p(i) /(w - i). Thus K(x) = 
P(x) L(x), so (3.6) follows from (3.4). 1 
If B is a block of a finite group G, rr an r-element and R an r-subgroup of 
G, then mg)(R), m,(R) are the nonnegative integers defined in [3, 151. The 
subgroup R is a lower defect groups for B if m,(R) # 0. 
We need two new results on lower defect groups. The first is completely 
trivial, using the approach of [4, 151. 
LEMMA (3.7). For i = 1,2 let B, be a block rci an r-element and Ri an 
r-subgroup of Gi. Then 
rngl;“;l(R, x R2) = mB, ‘“l)(R,).m~)(R2). l 
The next result may be proved similarly to [ 15, (4.4) and (7.2)] and we 
omit the proof. 
LEMMA (3.8). Let B be a block, TL and r-element and let (x,,..., n,} be 
a set of representatives of the N-conjugacy classes contained in the 
G-conjugacy class of x. Then 
m$‘)(R) = c c rnr”( R), 
h i=l 
where b runs through the blocks of N with bG = B. 
For reference we state the following formulas. 
LEMMA (3.9). (i) m,=& mJR) (b as in (3.8)) 
(ii) k(B)=C,m,(R). 
(ii’) I(B)=C.mg’(R). 
(iii) Gem,(R) is the number of conjugacy classes with R as defect 
group. 
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(iv) CB mg)(R) is the number of conjugacy classes in Y(x) with R as 
defect group. 
(~1 C, 4’)(R) = mB(R). I 
We return to the symmetric groups. 
THEOREM (3.10). Let B be a block, 71 an r-element and R an r-subgroup 
of S(n). Suppose that t = w(R) < w(B). Then 
0) m,(R) = 4R tr) w&l 1 
(ii) m’,)(R)=d(x R tr)mhl(l) 3 3 R . 
(Here 61, is as in Sect. 1, Formula (4) and d(R, tr) and d(q R, tr) are as 
in (2.11) and (2.14).) 
Proqf: As in Section 1 let N(R)= P(R) x S’(R) where then 
p(R) = N,,,,,(R). Let b, = b% x bk be the unique block of N(R) = N with 
bSN(“)= B. ((1.8)). Thus b”, is a principal block and by (3.9)(i) and (3.7), 
mARI = m,,(R) = mg(R) %k(l). 
But by (3.9)(i) applied to S(tr) m,;(R) = m&R) where B% is the principal 
block of S(tr). Now R has the maximal weight t in S(tr) and therefore can 
only be associated to a block of weight t in S(tr), i.e., by (1.6) only to BON. 
Thus m,;(R) = d(R, tr), the number of conjugacy classes of S(tr) with R as 
defect group. This proves (i) and (ii) is proved similarly. 1 
By (3.10) we need only determine the multiplicities m,( 1) for a block B 
of S(n). First, we prove that ms( 1) only depends on the weight of B. 
THEOREM (3.11) (Reduction theorem for multiplicities). Let B be a block 
qf S(n). Then ms( 1) and therefore all me,“)(R) depend only on w(B). 
Proof. We use induction on w = w(B). By (3.9)(ii), 
k(B)=mdl)+ c m,(R). 
Rfl 
Let R# 1. If m,(R)#O then t= w(R)< w and then by (3.10) 
m,(R)=d(R, tr)m,;(l). 
If B,= B,(S(wr)) is the principal block then by (3.10) and (1.7) 
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Since w(bk) = w - t < w using (1.7) we get by the induction hypothesis that 
m,(R) = m,(R). Thus 
k(B)-m.(l)=k(Bo)-m,,(l) 
so the result follows again from (3.3). 1 
We let m(w) = ms( 1) if w(B) = w and write M(x) := C,, m(n) x”. An 
argument analogous to the one applied in the proof of (3.6) will give us an 
expression for M(x). 
THEOREM (3.12). M(x)=P(x)‘~* P(x’). 
Proof Let B be a block of weight w. For 0 6 t d w let 9, be a set of 
representatives for the S(wr)- (and S(n)-) conjugacy classes of defect 
groups R with w(R)= t. Then by (2.10) and (3.10)(i), 
c m,(R)=d,(tr).m(w- t) 
REd, 
since the blocks bk, REL??!‘, have weight w-t. Consequently 
k(B)=k(w)= f d,(tr)m(w-t) 
I=0 
or for the generating functions 
K(x) = D*(x) M(x). 
Now the result follows from (2.10) and (3.4). 1 
Since the partition generating function P(x) has positive coefficients, 
(3.12) shows that if r is odd then m(w) # 0 for all w 2 0 whereas for r = 2, 
m(w) # 0 if and only if w is even. Therefore we have 
COROLLARY (3.13). Let B be a block of weight w, n an r-element and R 
a defect group of S(n) with t = w(R) d w. Then 
m,(R)#Oorisoddorr=2andw-tiseven. 
Ifd(q R, tr) # 0 (see (2.14)) then a similar statement is true for m$,?)(R). 1 
We extend now a very nice idea of Frame and Robinson [8] to give a 
short alternative proof of (3.6) and (3.12) depending on the reduction 
theorems. This makes the analogy mentioned above even clearer. 
Let b,(n) be the number of blocks of defect 0 in S(n), B,(x) := 
C,, b,(n) x”. By (1.6) S(n) contains bo(n - wr) blocks of weight w, each con- 
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taining k(w) characters. Thus p(n)=C,,,k(w) h,(n-rw), or for the 
generating functions 
P(x) = K(x’) B,(x). (3.14) 
Similarly, since the number of regular conjugacy classes equals the number 
of modular characters we have p,Jn) = C,, I(w) h,(n - WY) or 
P,(x) = L(x’) B,(x). (3.15) 
Finally (3.9)(iii) with R = 1 in our case means that D&)=~m(w)b,(n-wr) 
or 
Do(x) = M(x’) B,(x). (3.16) 
Note the similarity of (3.14) (3.15), and (3.16). Now (3.14) and (3.4) show 
that 
B”(X) = P(x)/P(x’)‘. (3.17) 
Then (3.6) is a consequence of (2.2), (3.15) and (3.17) and (3.12) is a con- 
sequence of (2.3) (3.16) and (3.17). 
Note. As we have seen k(w) is the number of partitions of weight MI 
with a given core. Similarly I(w) is the number of regular partitions of 
weight IV with a given core [ 11, 6.2.21. However, it is not true that m(n)) is 
the number of defect O-partitions of weight M’ with a given core. 
Finally we consider the elementary divisors of the Cartan matrix C, of a 
block B of S(n). By (3.9)(ii’), /(B)=C, m;‘(R). Moreover, by [3, (7G)], 
for each defect group R there are rng I( R) elementary divisors of C, equal 
to 1 RI. Thus (3.11) has the following 
COROLLARY (3.18). The elementury divisors of C, and their mul- 
tiplicities depend only on w(B). 1 
(This result was proved by Osima [ 171 in a different way.) 
We are of course in the position to describe the elementary divisors 
explicitly and finish this paper by doing so. Let A be a partition. We define 
an integer e(1) as follows: 
e(n) := 1 tr(m, a) r” 
and let 
p;(n) = ( {I, + nl ,I is regular and e(i) = i 
so pJn) = Cizo p&(n). Then we have 
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PROPOSITION (3.19). Let B he a block of weight w and i > 0. Then the 
multiplicity of ri as an elementary divisor of CB is 
,go m(w - t) d(t). 
ProoJ By the remarks preceding (2.15) a defect group of an r-regular 
class has the form 
R = n R(m, 1, b)“(“‘,‘.h’, 
m,h 
where O<s(m, 1, b)<r- 1. Then 
w(R) = 1 s(m, l,b) mrh 
m.h 
and by (3.1O)(ii) and (2.15) m$‘(R)=m(w-w(R)). To R we associate a 
regular partition ;iR +- w(R) by AR := ((mrh)‘(m,‘,6)). Then an easy 
calculation shows that if IRI = f’, then a= e(;i,). From this the result 
follows using the fact that the map R -+ 1, is a bijection. 1 
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